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We investigate the low-temperature relaxation dynamics toward a nonequilibrium steady state in a tilted
asymmetric periodic potential based on the WKB analysis and the numerical diagonalization of the Fokker-
Planck operator. Due to the tilting, the Fokker-Planck operator, and thus the Schrödinger operator associated
with it, are non-Hermitian. Therefore, we evaluate the decay rate based on the WKB analysis both for real- and
complex-valued eigenvalues. In the tilting range where the double-humped barrier exists, the decay rate is
shown to obey a law which is a subtle nonequilibrium extension of the so-called Kramers escape rate. The
decay rate for the single-humped barrier case is analyzed as well. The large tilting regime where the barriers no
longer exist is also investigated.
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I. INTRODUCTION

The low-temperature dynamics in the free energy land-
scape �1–3� can be treated as the escape processes of a
Brownian particle over the barriers �4–9� and thus as the
relaxation dynamics towards the thermal equilibrium or the
nonequilibrium steady state.

In the context of relaxation to the well-defined thermal
equilibrium, a subtle extension of the Kramers rate to the
symmetric double-humped barrier was recently achieved �7�,
in which case the activation energy is the arithmetic mean of
two partial barriers and the prefactor contains the geometric
mean of the starting and the intermediate wells. Such an
extension of the Kramers theory has practical importance in
the slow relaxation dynamics such as the protein crystalliza-
tion �1�, since the mean barrier height of the activation en-
ergy indicates a kind of coherence of the escapes over the
partial barriers leading to the enhancement of the nucleation
rate due to the existence of the intermediate state �1,2,7�. On
the other hand, the transport coefficients such as nonzero
particle flow �10�, and the diffusion constant �11� in the non-
equilibrium steady state of the thermal diffusion in a tilted
periodic potential has been studied as a model of ratchet-
induced transport �11,12,14�. However, the relaxation dy-
namics toward the nonequilibrium steady state has not been
well examined.

In this paper, as a next step, we explore the Kramers
theory for a relaxation dynamics towards the nonequilibrium
steady state with the finite current. In particular we analyze
the decay rate of a thermal diffusion in a tilted asymmetric
periodic potential under the proper periodic boundary condi-
tion �PBC�, which is a relevant model for the externally
loaded motor proteins �13�, and obtain a nonequilibrium ex-
tension of the Kramers escape rate for double-humped bar-
rier �7�.

The decay rate is explored both by the numerical diago-
nalization of the non-Hermitian Fokker-Planck operator and

by the real and complex WKB analyses with suitable absorb-
ing boundary condition �ABC�. There is a range of tilting
where the activation energy is given by the arithmetic mean
of the partial barrier heights. This fact indicates the coher-
ence of the motion as in the equilibrium relaxation case �7�.
Including this case, we treat the whole tilting regime.

This paper is organized as follows. In Sec. II, the relax-
ation process is formulated as an eigenvalue problem of the
Fokker-Planck operator. Especially, asymptotic decay rate is
identified with the real part of the first excited eigenvalue.
Then, in Sec. III, the decay rates are examined by numerical
diagonalization of the Fokker-Planck operator. In Sec. IV, the
eigenvalue problem of the Fokker-Planck operator is mapped
to that of the associated Schrödinger operator, and at the low
temperatures the WKB quantization condition is explored. In
particular, the small tilting case is investigated where the
potential barriers exist and the eigenvalues are almost real-
valued. We show a subtle nonequilibrium extension of the
Kramers theory to the tilted double-humped barrier. In Sec.
V, we investigate the single barrier case and show that the
decay rate obeys a usual Kramers rate despite the presence of
nonzero current. In Sec. VI, the large tilting case is analyzed
by the WKB quantization for complex eigenvalues. The last
section is devoted to discussions.

II. DECAY RATE IN A TILTED RATCHET

We consider a thermal diffusion process in a tilted ratchet
described by the one-dimensional Fokker-Planck equation

�

�t
P�x,t� =

1

�

�

�x
� �U�x�

�x
+ �

�

�x
�P�x,t� , �1�

where P�x , t� stands for the probability density with which
the Brownian particle is found in a position x at a time t. We
consider a tilted periodic potential U�x�=U�0��x�
− �2�W /L�x composed of the L-periodic part U�0��x� and the
tilting W. W takes both positive and negative values. � is the
temperature and � is the damping coefficient. For brevity, �
is fixed to unity.

As a typical asymmetric potential, we take
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U�x� = U0�cos
4�

L
x + � sin

8�

L
x� −

2�W

L
x . �2�

In order to see the asymptotic decay to the steady state, we
take L-periodic boundary. Since the period of cos �4� /L�x
+� sin �8� /L�x is exactly half of L, U�x� possesses several
potential barriers within one period L of boundary condition,
The sinusoidal potential U0 cos �4� /L�x has a single barrier
in the unit cell �0,L� and the higher Fourier component
�U0 sin �8� /L�x yields extra barriers. The shape of the po-
tential is sensitive to the tilting W. Indeed, for �=1, and
U0=7, there is a double-humped barrier for a period in case
of the tilting range −14�W�28 �see Fig. 1�. While for
−42�W�−14, there is a single-humped barrier �Fig. 5�a��.
For 28�W, no barrier exists �Fig. 6�.

By setting P�x , t�= P�x�e−�t, the Fokker-Planck equation
becomes the eigenvalue problem:

�

�x
� �U�x�

�x
+ �

�

�x
�P�x� = − �P�x� . �3�

Since the steady state does not depend on time, the lowest
eigenvalue is zero and the real part of the second lowest
eigenvalue ��Re��1	 is the asymptotic decay rate to the
nonequilibrium steady state. Note that due to the tilting, the
eigenvalues are now complex-valued, though its imaginary
part is negligibly small compared to the real part for small-
enough tilting. If the tilting is large and the barriers disap-
pear, then the imaginary part of the eigenvalue becomes non-
negligible. Increasing the titling near the threshold for the
existence of the barriers, the imaginary part of the eigenvalue
drastically changes.

III. NUMERICAL ANALYSIS OF THE DECAY RATE

Let us expand arbitrary tilted L-periodic potential Û�x�
into the Fourier series:

Û�x� = 

n
�an cos

2�n

L
x + bn sin

2�n

L
x� −

2�W

L
x . �4�

Then the eigenvalue problem for the Fokker-Planck operator
is reduced to the matrix form:



m

Anmcm = �cn,

Anm = − �2�

L
�2���n2 + Wni�	n,m + 


k
�nk

2
ak −

ink

2
bk�	n,m+k

− 

k
�nk

2
ak +

ink

2
bk�	−n,k−m� . �5�

The eigenvalue � of the Fokker-Planck operator is obtained
by numerically diagonalizing the matrix Anm in Eq. �5�. In
particular, the decay rate � is obtained in Fig. 2 for a tilted
periodic potential with a2=U0, and b4=�U0, U�x�
=U0�cos�4� /L�x+� sin�8� /L�x�− �2�W /L�x for tilting
range −25�W�40 under the fixed parameters U0=7, L=1,
�=1, and �=0.7.

IV. WKB ANALYSIS OF THE DECAY RATE:
SMALL TILTING CASE

The eigenvalue problem of the Fokker-Planck operator is
transformed into that of the Schrödinger operator via the
so-called separation ansatz, P�x�=e−U�x�/2�
�x�

�
��x� + �� − V�x��
�x� = 0, �6�

where � plays the role of the Planck-constant ��
2m� with
the effective mass m, and the effective potential V�x�
����U��x� /2��2−U��x� /2�	 is spatially periodic.

Note that the wave function 
�x� should satisfy the
boundary condition consistent with the PBC for P�x� in Eq.
�2�, and 
�x� should exponentially decay �or grow� as 
�x

0.2 0.4 0.6 0.8 1
x

-60

-40

-20

20

40

U

W�0

W��5

W�5

W�10

FIG. 1. Tilted periodic potential U�x� with �=1, L=1, and U0

=7. The cases of tilting W=−5,0 ,5 ,10 are illustrated. For the cases
of large negative and large positive biases; see Fig. 5�a� and Fig. 6.
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FIG. 2. The series of dots shows the tilting dependence of the
numerical decay rate � under the fixed parameters �=1, L=1, U0

=7, and �=0.7. The tilting range −14�W�28 corresponds to the
double-humped barrier case: In the case �i� where the tunnel term is
dominant, the analytic formula for the decay rate �24� obtained by
WKB analysis is indicated as a solid line. In the case �ii� where the
tunneling term is much smaller than the difference of the vacuum
energies �Ea−Ec�, the activation energy calculated as the actual bar-
rier height divided by � is shown as the broken line. For the large
negative tiltings, the decay rate obeys Eq. �31� for the single-
humped barrier. For large tilting 28�W, the decay rate agrees with
the perturbative solution �39� of the complex-valued WKB quanti-
zation condition �33� �line in the rightmost region�.
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+L�=e−�W/�
�x�, since in the separation ansatz, the tilting
term yields the exponential factor as e−U�x+L�/2�

=e�W/�e−U�x�/2�. Consequently, we explore the eigenvalue
problem for the associated Schrödinger operator by assuming
the exponentially decaying �or growing� eigenfunction,


�x + L� = e−�W/�
�x� . �7�

If the tilting is small so that the barriers and the local
minima of the original potential U�x� exist, the imaginary
part of the eigenvalue � is negligible compared to the real
part. Thus, in this case, we may regard the eigenvalue � as
real and thus identify it with the decay rate �. In particular,
our interest lies in the high-enough barrier case, i.e., the low
temperature case.

A. Double-humped barrier case

The original potential U�x� has a double-humped barrier
in the absence of tilting W=0. Thus we first explore the
small tilting region with the double-humped barrier, as sche-
matically shown in Fig. 3�a�. Since the temperature is low,
we use the WKB approximation for the associated
Schrödinger operator. The first excited state connects local-
ized states in all the wells a ,c ,e ,g, and i of V�x� in Fig. 3�b�.

Let us denote the wavefunctions in the regions,
a ,b ,c ,d ,e , f ,g ,h and i bordered by the classical turning
points, x0 , . . . ,x9 as 
a�x� , . . . ,
i�x�, respectively �see Fig.
3�b��. In general, near the classical turning point x=z0, the

wave function is connected by the connection formula

1

p

e±i��1/���x
z0pdy+��/4�� �E � V�x��

↔
1

p

�e�1/���z0

x pdy ±
i

2
e−�1/���z0

x pdy� �E 
 V�x�� ,

p�x� = 
2m�� − V�x�� . �8�

The wave function in the leftmost region 
a�x�= �1/
p�
��c1e−�i/���x0

x p�y�dy +c2e�i/���x0

x p�y�dy� is connected successively
to that of the middle region e as 
e�x�= �1/
p���Ac1

+Bc2�e−�i/���x4

x p�y�dy + �Cc1+Dc2�e�i/���x4

x p�y�dy�, where the coef-
ficients A, B, C, and D are expressed as

A = eiSa�1

2
�ieMb sin Sc +

1

4
e−Mbcos Sc�e−Md

+ 2�eMb cos Sc +
i

4
e−Mb sin Sc�eMd� ,

B = e−iSa�1

2
�eMb sin Sc +

i

4
e−Mb cos Sc�e−Md

− 2�ieMb cos Sc +
1

4
e−Mb sin Sc�eMd� ,

C = eiSa�1

2
�eMb sin Sc −

i

4
e−Mb cos Sc�e−Md

− 2�− ieMb cosSc +
1

4
e−Mb sin Sc�eMd� ,

D = e−iSa�1

2
�− ieMb sin Sc +

1

4
e−Mb cos Sc�e−Md

+ 2�eMb cos Sc −
i

4
e−Mb sin Sc�eMd� . �9�

Here the actions for the well-regions �=a, c, e, g, and i are

given as S���x�−

x�+
�−1��−V�x��dx, and the tunnel integrals

are M��Mb=Md=�x�−

x�+
�−1�V�x�−��dx. Here we used the

abbreviated notations, for the well region �=a ,c ,e, and for
the barrier region �=b ,d, which is bordered by the classical
turning points x�−/�−

and x�+/�+
. Then, in the same way, the

localized wave function 
e�x� is successively connected to
that of the rightmost region i as 
i�x�= �1/
p���A�c1

+B�c2�e−�i/���x8

x p�y�dy + �C�c1+D�c2�e�i/���x8

x p�y�dy�. Here, due to
to the periodicity of V�x�, the set of the coefficients
�A� ,B� ,C� ,D�	 is given by

�A� B�

C� D�
� = �A B

C D
�2

. �10�

The periodicity of the potential V�x� demands the
Floquet-type condition, 
i�x+L�=eiKL
a�x�. Due to the ex-

FIG. 3. �a� Schematic illustration of the tilted periodic double-
humped barrier with a dip. There are four partial barrier heights
�U1 ,�U2 ,�U3, and �U4. The actual barrier height is �U4−�W.
�b� Effective periodic potential of the Schrödinger operator corre-
sponding to Fig. 3�a�.
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ponentially decaying condition �7�, K has the imaginary part

K = i
�W

�L
. �11�

Here the real part of K is zero under the PBC. This relation
gives a constraint to guarantee the nontrivial coefficients
�c1 ,c2� of 
a and 
i:

�A� − eiKL B�

C� D� − eiKL � = 0, �12�

which can be rewritten as

e�W/� =
1

2
�A� + D�� ±
1

4
�A� + D��2 − 1 � A� + D�

�13�

or

�A� + D��−1,

with use of the relation A�D�−B�C�=1. Now let us consider
the eigenvalues ��1 ,�2� of the coefficient matrix,

�A� B�

C� D�
� . �14�

From the relation A�D�−B�C�=1, one has �2=�1
−1. Since

the trace is given as A�+D�=�1+�1
−1, the boundary condi-

tion �13� requires

e�W/� � �1 + �1
−1 or ��1 + �1

−1�−1, �15�

and numerical results tells us that we should take one of the
branches according to the sign of the tilting W as

e�W/� � �1 + �1
−1 �W � 0� ,

e�W/� � ��1 + �1
−1�−1 �W 
 0� . �16�

Thus one has ��1 ,�2���e±�W/� ,e��W/�� and the boundary
condition �13� turns out to be

e��W�/� � A� + D�. �17�

Substituting the leading term of Eq. �9� into Eq. �17�, we
obtain the equation

e2Mbe2Md cos2�Sa�cos2�Sc� = e��W�/�. �18�

Due to the small transparency of the barrier, the action is
almost quantized as S����n�+ 1

2
�, and hence

cos S� = �− 1�n�+1�S� − ��n� + 1/2��

+ O„�S� − ��n� + 1/2��3
… . �19�

The harmonic approximation around the minima of V�x� in
the region a, x=xmin

a , and that of region c, x=xmin
c give

S���� � �� − E��� dS

dE
�

E�

+ S�E�� = �
� − V�xmin

� �
���

, �20�

with the vacuum energy E����� /2+V�xmin
� �, the action at

vacuum energy S�E��=� /2 with n�=0, and the frequency

���
m−1V��xmin
� �. Substituting Eq. �19� and Eq. �20� into

Eq. �18�, one has

e2Mbe2Md���� − V�xmin
a ��/��a − ��na + 1/2�	2

����� − V�xmin
c ��/��c − ��nc + 1/2�2	 = e��W�/�.

�21�

The lowest two eigenvalues 0=�0
�1 are thus the solutions
of the polynomial equation �21� with na=nc=0,

� =
1

2
�Ea + Ec ±
�Ea − Ec�2 +

4�2�a�c

�2 e��W�/2�−Mb−Md� .

�22�

There are two typical cases of level splitting
�i� The case where the tunneling term is much larger than

the difference of the vacuum levels: �Ea−Ec �

 

4�2�a�c /�2e��W�/4�−�Mb+Md�/2.

�ii� The case where the tunneling term is much smaller
than the difference of the vacuum levels: �Ea−Ec �
� �
4�2�a�c /�2e��W�/4�−�Mb+Md�/2.

First, we investigate the former case �i�. The degeneracy
of the lowest two eigenvalues is removed due to the tunnel-
ing term �see Fig. 4�. The decay rate � is obtained as the
difference between the first excited level �1 and the ground
level �0 as

� = �1 − �0 =
2
��a��c

�
e��W�/4�−�Mb+Md�/2. �23�

The details of the evaluations of the curvature ��� and tun-
neling integral M� are shown in Appendix A. With use of Eq.
�23�, Eq. �A2�, and Eq. �A4�, we obtain the decay rate �,
which is a subtle nonequilibrium extension of the so-called
Kramers rate �7,12,8�

� =
2

�
e2−
2−arcsinh�1��U��xmin

a �U��xmin
c ��U��xmax

b �U��xmax
d ���1/4

� e���W�−��U1+�U2+�U3+�U4��/4� �24�

with the partial barriers �U1=U�xmax
b �−U�xmin

a � ,�U2

=U�xmax
b �−U�xmin

c � ,�U3=U�xmax
d �−U�xmin

c �, and �U4

=U�xmax
d �−U�xmin

e � �see Fig. 3�. We notice that the original
potential has a unique maximum x=xmax

� between the classi-
cal turning points neighboring to the region �, x�−

, and x�+
.

Although the actual barrier height is the minimum of �U1,2,3

�
� Ωa�2�Va

� Ωc�2�Vc

Λ1

Λ0

FIG. 4. Tunnel splitting of the degenerated lowest two eigenval-
ues, �1 and �0. Since we consider single barrier case, the lowest two
eigenvalues are degenerate.
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and �U4−� �W�, the activation energy is the arithmetic mean
of the four partial barrier heights. On the other hand, the
prefactor is the geometric mean of the curvatures at the
minima and the maxima. Thus the above Kramers type decay
rate �24� is taken as a nonequilibrium extension of �7�, which
agrees with the numerical decay rate �see Fig. 2�.

Now we consider the case �ii� and show the correspond-
ing decay rate. The argument is parallel to the case �i� except
for the evaluation of the square root of Eq. �22�, which in the
case �ii� expanded as �Ea−Ec � �1+ �2�2�a�c / ��2 �Ea

−Ec�2��e��W�/2�−Mb−Md�. The energy level is given as

� = Ea ±
2�2�a�c

�2�Ea − Ec�
e��W�/2�−Mb−Md or Ec ± 2�2�a�c/�

2�Ea − Ec�e��W�/2�−Mb−Md, �25�

which splits by the tunnel term. The decay rate � is

� =
2U��xmin

a �U��xmin
c �

�2�Ea − Ec�
e��W�/2�−Mb−Md =


U��xmin
a �U��xmin

c ��U��xmax
b �U��xmax

d ��
�2�Ea − Ec�

e4−2
2−2 arcsinh�1�e��W�/2�−��U1+�U2+�U3+�U4�/2�

=

U��xmin

a �U��xmin
c ��U��xmax

b �U��xmax
d ��

�2�Ea − Ec�
e4−2
2−2 arcsinh�1�e−��U1

˜ +�U2
˜ �/�, �26�

where taking it into consideration that �U1
˜ = ��U1+�U2� /2

and �U2
˜ = ��U3+�U4−� �W � � /2 correspond to the left and

the right barriers’ heights, respectively. Thus the activation
energy can be regarded as the sum of the barrier heights, i.e.,
the decay rate is given by the product of the escape rates over
the left and right barriers. This fact is interpreted as the in-
dependence or incoherence of the escapes over the left and
the right barriers. The prefactor can not be expressed only by
the original potential U�x�. The activation energy calculated
as the actual barrier height divided by the temperature agrees
with the numerical result as in Fig. 2.

B. Single-humped barrier case

For slightly large negative tilting, the dip of the barrier of
the potential �2� disappears, and there is a single-humped
barrier as shown in Fig. 5�a�. The decay rate for the tilted
single barrier can be evaluated in the same way as the case of
the double-humped barrier. The effective potential V�x� has a
single barrier in a period. The localized wave function in the

left-most region 
a�x�= �1/
p��c1e−�i/���x0

x p�y�dy

+c2e�i/���x0

x p�y�dy� is connected successively to that of the
rightmost region as


e�x� =
1

p

��Ac1 + Bc2�e−�i/���x4

x p�y�dy

+ �Cc1 + Dc2�e�i/���x4

x p�y�dy� ,

where the coefficients A, B, C, and D are given by Eq. �9�.
The Froquet-type relation which express the absorbing
boundary condition is

e��W�/� = A + D = �1� + �2�, �27�

with the eigenvalues �1�, and �2� of the coefficient matrix

�A B

C D
� . �28�

Then in the same way as in the previous subsection, one has

4e2M� cos2 S� = e��W�/�. �29�

From the small transparency of the barriers and the harmonic
approximation of the action with respect to the eigenvalue,
Eq. �29� gives the energy levels

� = 
2�V��xmin��n +
1

2
� + V�xmin� ±


�V��xmin�
�

e��W�/2�−M ,

�30�

where we omitted the subscripts since the set of wells and
the barriers of effective potential V�x� are exactly identical.
As in �5�, the decay rate � is given by the difference of the
lowest two levels.

After the straightforward calculation, one has

� =
1

�
e2−
2−arcsinh�1�
U��xmin��U��xmax��e−�U/� �31�

to the lowest order of �, which agrees with the numerical
results �cf. Fig. 2�. In spite of the presence of the finite cur-
rent, the activation energy is exactly the actual barrier height
�U measured from the bottom of the local minimum �see
Fig. 5�a��, which is the case encountered in the usual Kram-
ers theory based on the escape rate formalism.

V. WKB ANALYSIS: LARGE TILTING CASE

In the large tilting case where the original potential U�x�
has no barriers �cf. Fig. 6�, the imaginary part of the eigen-
value E2=Im��	 becomes comparable to the real part E1

=Re��	. Hence we should use the WKB analysis with com-
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plex energy. Expanding the action to the second order in the
effective Planck-constant �, the eigenfunction of the associ-
ated Schrödinger operator is


�x� = e�i/���S0+��/i�S1� =
C


p�x�
e�i/���0

xp�y�dy , �32�

with S0=�0
xp�y�dy, S1�− 1

2 log p�x� and p�x�
=
E1−V�x�+ iE2. Therefore such a quantization condition is
given as �15�

e±i�0
L
�−1�E1+iE2−V�x��dx = e−�W/�±2�ni. �33�

Since the numerical eigenvalue has, in the wide parameter
range, the phase factor n=1, and thus we assume n is unity.
The quantization condition �33� is rewritten into a nonalge-
braic equation

�
0

L


�−1�V�x� − E1 − iE2�dx = −
�W

�
+ 2�i . �34�

Because of the low temperature, we neglect the term U��x� /2
in the effective potential V�x�=U��x�2 /4�−U��x� /2. Then
we perturbatively solve Eq. �34� �see also �15�� with the
expansion parameter �=U0 /W. Equation �34� is transformed
into the set of equations

�
0

L
1

2
�I1 + 
I1

2 + I2
2�dx = L ,

�
0

L
1

2
�− I1 + 
I1

2 + I2
2�dx = ±

2�L

W
i , �35�

with

I1 = �1 + ��2 sin
4�

L
x − 4� cos

8�

L
x��2

−
�L2

W2�2E1,

I2 =
�L2

W2�2E2. �36�

Expanding the eigenvalues E1+ iE2 into the series of � as

�L2

W2�2E1 = A1� + A2�2 + A3�3 + A4�4 + O��5� ,

�L2

W2�2E2 = B1� + B2�2 + B3�3 + B4�4 + O��5� , �37�

straightforward calculation shows that

A1 = 0, A2 =
4�2

U0
2 , A3 = 0, A4 =

24�2

U0
2 �1 + 4�a2� ,

B1 = ±
4�

U0
, B2 = 0, B3 = �

8�

U0
�1 + 4�a2� . �38�

Thus to the second order of perturbation, the eigenvalue is
given as

E1 = �2�

L
�2 �

�
+ 24�1 + 4�2���U0

WL
�2 �

�
, �39�

E2 = ± ��2�

L
�2W

�
−

8�1 + 4�2��2

L2W�
U0

2� . �40�

In particular, the real part accurately gives the numerical de-
cay rate �see large positive tilting range in Fig. 2�. As ex-
pected, the leading terms give the first excited eigenvalue
�2� /L�2��+ iW� /� for the case of U0=0.

FIG. 5. �a� The single-humped barrier with fixed parameters,
U0=7, �=0.7, L=1, and �=1. Both for W=−15 and W=−25, there
is a single-humped barrier �U measured from the local minimum.
�b� The schematic illustration of the effective potential for the
single-humped barrier case. In contrast to the double-humped bar-
rier case, there are only two well-regions within a period.

0.2 0.4 0.6 0.8 1
x

-300

-250

-200

-150
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U

W�30

W�40

W�50

FIG. 6. The tilted potentials without barriers are illustrated for
W=30, 40, and 50, with fixed parameters U0=7, �=0.7, L=1, and
�=1.
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We should notice that the quantization condition �33� is
valid essentially in the absence of the barriers, since it is not
concerned with the classical turning points.

VI. DISCUSSION

The low-temperature relaxation dynamics has been revis-
ited in the context of the Kramers theory. Stimulated by the
subtle extension of the Kramers rate in the system with the
well-defined thermal equilibrium but accompanied with the
intermediate state �1,2,7�, we here explored the case of the
asymmetric periodic potential under a constant external bias.

Since our interest lies in the slow dynamics, the low tem-
perature and thus the high-enough barrier are assumed. Then
we have explored the nonequilibrium extension of the Kram-
ers theory with the aid of WKB analysis. There are four
regime of the decay rate and we have obtained the formulas
�24�, �26�, �31�, and �39� for the respective cases. Equations
�24� and �26� correspond to the case with a double-humped
barrier. Equations �31� and �39� correspond to the single-
humped barrier and no barrier cases, respectively. The relax-
ation process in the tilted double-humped barrier is com-
posed of two cases. In the case �i� where tunnel-term is
dominant, the WKB analysis under the absorbing boundary
condition gives the analytic expression �24� for the decay
rate. The activation energy is given by the arithmetic mean
height of four partial barriers, which is certainly lower than
the actual barrier height. This is considered as the enhance-
ment of the relaxation due to a kind of coherence of the
escapes over individual barriers. In the case �ii� where the
tunneling term is much smaller than the typical difference of
vacuum energy levels, the activation energy is given by Eq.
�26�. The single-humped barrier case is analyzed as well and,
in spite of the presence of the finite current, the decay rate is
the usual Kramers escape rate encountered in the relaxation
to equilibrium state.

On the other hand, if we increase the bias W beyond the
threshold for the existence of the barriers, the decay rate �
does immediately deviate from the Arrehnius plot. Such a
large tilting case is accurately treated with use of the WKB
quantization condition with complex eigenvalues �33�.

The decay rate strongly depends on the direction of the
tilting, i.e., decay rates are largely different between the tilt-
ings ±W. In other words, there are situations where nega-
tively biased system with the tilting −W is in the small tilting
region possessing the barrier and obeys Eq. �31�, while the
positively biased system with the tilting W has no barrier and
thus is in the large tilting case which is treated by the WKB
analysis with complex energy Eq. �39�. On the other hand,
the steady state particle current �10�

�ẋ� = N�1 − e−2�W/��

N � L
�

���0

L

dx�
x

x+L

dy e
U�y�−U�z�

� �−1

�41�

shows quite similar asymmetric tilting dependence as the
decay rate, since it is given as the difference between Kram-
ers escape rates for the positive and negative directions of the

bias �12�. The decay rate � gives the time scale for a Brown-
ian particle to escape from the present local minimum to the
neighboring one. Thus the asymmetry of the decay rate as
well as that of the steady-state current with respect to the
direction of bias is favorable for rectification of the particle
flow in the presence of time-dependent stochastic or deter-
ministic perturbations. The quantitative study of the relation
between the relaxation dynamics and the transports including
time-dependent ratchets would be made in due course.
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APPENDIX A: EVALUATION OF THE CURVATURES AND
TUNNELING INTEGRALS

The curvature ��� is evaluated as follows. Omitting the
tunneling term, one has

0 �
���

2
+ V�xmin

� � =

2�V��xmin

� �
2

+ V�xmin
� � , �A1�

thus, with use of U��xmin
� �=0,

��� = 
2�V��xmin
� � � − U0�2�

L
�2�4 cos

4�

L
xmin

�

+ 16 sin
8�

L
xmin

� � = U��xmin
� � . �A2�

Since the temperature is low, the tunneling integral M� is
evaluated in the first order of the temperature � as

�M� = �
x�−

x�+ 
�U��x�
2

�2

− �
U��x�

2
− �� dx

���
x�−

xmax
� −�

+ �
xmax

� −�

xmax
� +�

+ �
xmax

� +�

x�+ �
�
�U��x�

2
�2

− �
U��x�

2
dx

= �
x�−

xmax
� −� �U��x�

2
−

�U��x�
2U��x��dx

+ �
−�

� 
��U��xmax
� ��

2

1 +

�U��xmax
� ��

2�
y2dy

+ �
xmax

� +�

x�+ �−
U��x�

2
+

�U��x�
2U��x��dx + O��2�

=
1

2
�2U�xmax

� � − U�x�−
� − U�x�+

�� + ��
2 + arcsinh�1�
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− 1 − 1
2 log�2��U��xmax

� ��/U��x�−
��U��x�+

���	 + O��2� .

�A3�

In the square root of the integrand on the second term, �� is
small compared to the first two terms and is omitted. The
integral is divided into the one around the maximum, �xmax

�

−� ,xmax
� +�� with the width ��
2� / �U��xmax

� �� and remain-
ing ones. It should be noticed that in the lowest order of �,
the arithmetic mean of the left and right barrier heights can
be found in the final result in Eq. �A3�.

The classical turning points x1, x2 is evaluated as x1
=xmin

a −
2� /U��xmin
a � and x2=xmax

b −
2� /U��xmax
b �. Thus the

tunnel integral M� is given by

�M� �
1

2
�2U�xmax

� � − U�xmin
�− � − U�xmin

�+ �� + ��
2 + arcsinh�1� − 2 −
1

2
log��U��xmax

� ��/
U��xmin
�− �U��xmin

�+ ��� . �A4�

The minimum and the maximum points xmin
�+/− �xmin

a/c , and xmax
b are calculated as xmin

a =L /4−G+�W� and xmax
b =L /4−G−�W�,

with G±�W�= �L /4��arcsin��−1±
1−8�W /U0+32�2� /8��.
In the same way, for the well region c, the classical turning points and the minimum and the maximum points are calculated.
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